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I consider the COBE data coarse - grained field that characterize the now observable universe 
for a model of warm inflation which takes into account the thermal coupled fluctuations of the 
scalar field with the thermal bath. The power spectrum for both, matter and metric fluctuations 
are analyzed. 1 find that the amplitude for the fluctuations of the metric when the horizon entry, 
should be very small for the expected values of temperature. 
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I. INTRODUCTION 

Warm inflation takes into account separately, the mat- 
ter and radiation energy fluctuations. In this scenario the 
matter field ip interacts with the particles of a thermal 
bath with mean temperature T r , which is smaller than 
the Grand Unified Theories (GUT) critical temperature 
T r < T GUT ^ 10 15 GeV. This scenario was firstly stud- 
ied by Berera 0. The warm inflation scenario served as 
a explicit demonstration that inflation can occur in the 
presence of a thermal component. In the formalism devel- 
oped by Berera the temperature of the universe remains 
constant during the inflationary expansion. 

Warm inflation was originally formulated in a phe- 
nomenological setting, but some attemps of a fundamen- 
tal justification has also been presented Furthermore, 
a dynamical system analysis showed that a smooth tran- 
sition from inflationary to a radiation phase is attained 
for many values of the friction parameter, thereby show- 
ing that the warm inflation scenario may be a workable 
variant to standard inflation. During the warm iflation- 
ary era, vacuum fluctuations on scales smaller than the 
size of the horizon are magnified into classical pertur- 
bations on scales bigger than the Hubble radius. The 
classical perturbations can lead to an effective curvature 
of spacetime and energy density perturbations |^] . 

In an alternative formalism for warm inflation, I stud- 
ied a model where the mean temperature and the am- 
plitude of the temperature's fluctuations decreases with 
time for a rapid power - law expanding universe. This is 
the most significative difference with the Berera's formal- 
ism in which the warm inflation expansion is isothermal 
|Q,^|J^]. During the warm inflationary expansion, the ki- 
netic energy density pkin is smaller with respect to the 
vacuum energy 



V(cp) > p kl 



The kinetic energy density is given by 



Pkin = Pr(<p) + ^-, 



where 



p r (ip) 



8H(<p) 
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(1) 



Here, the dot denotes the derivative with respect to the 
time. Furthermore, r((p) and H(ip) are the friction and 
Hubble parameters. The eq. (|l|) comes from the assump- 
tion that the radiation energy density remains constant 
during the inflationary era (p r ~ 0). 

The Lagrangian that describes the warm infaltion sce- 
nario is 



R 

Ion ' 
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where R is the scalar curvature, gives the metric 
tensor and g is the metric. The Lagrangian d n t takes 
into account that the particles in the thermal bath in- 
teract with the scalar field (p. In principle, a permanent 
or temporary coupling of the scalar field ip with others 
fields might also lead to dissipative processes producing 
entropy at different eras of the cosmic evolution. It is ex- 
pected that progress in nonequilibrium statistics of quan- 
tum fields will provide the necessary theoretical frame- 
work for discussing dissipation in more general cases . 
The semiclassical Friedmann equation is 



8tt 
3M^ 



(E\p m (<p)+p r (<p)\E) 



(3) 



where M p = 1.2 x 10 19 GeV is the Planckian mass. 

Now I consider the semiclassical expansion for the in- 
flaton field ip 



tp(x,t) = 4> c {t) + a(t)4>(x,t). 



(4) 



Here, <p c {t) =< E\ip\E >, < E\cj>\E > = < E\<j>\E >= 0, 
and \E > is an arbitrary state. Furthermore, a(t) is a 
dimensionless time - dependent function that character- 
ize the gravitational coupling between the fluctuations of 
the matter field and the fields in the thermal bath. A 
lot of work can be done on phenomenological grounds, 
as, for instance, by applying nonequilibrium thermody- 
namic techniques to the problem or even studying partic- 
ular models with dissipation. An example of this latter 
case is the warm inflationary picture recently proposed 

The aim of this work is the study of the power spec- 
trum in warm inflation with the semiclassical expan- 
sion (^), taking into account the COBE data coarse - 
grained field introduced in a previous work [0. This 
topic was studied in [0 but with the semiclassical ex- 
pansion ip = <j) c + cf>. In this work I incorporate in the 
formalism the backreaction of the metric for the study of 
the effective curvature for the now observable universe, 
when the fluctuations are coupled with the thermal bath. 



II. DYNAMICS OF THE INFLATON 

A. Dynamics of the classical field 

The dynamics for the classical field in warm inflation 
was obtained in previous works The equation of 

motion for 6 r is 



4> c + [3H C + T C ] <p c + V'{(t>o) = 0, 



(5) 



where H c = H(<f> c ) + f , and r c = r(0 c ) and V'(<p c ) = 
The term r c c in eq. (1q) shows as the scalar 



(2) 



dtp 

field evolves with the time in a damped regime generating 
an expansion which depends on the mean temperature T r 
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of the thermal bath. As a consequence, the subsequent 
reheating mechanism is not needed and thermal fluctua- 
tions produce the primordial spectrum of density pertur- 

mI 



bations |||6j]. Furthermore, 4> c 
and the classical effective potential is 



v{<t> c ) 



M 2 

p 

"87 



Ml 

— (H' c ) 



4H r 



3H C 

The radiation energy density of the background is 
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(6) 



8H n 



47T 



and the temperature of this background is 
T.cxp 1 / 4 [&(t)]. 



(8) 



Note that the temperature depends on time. In the warm 
inflation model here studied, I will suppose that it de- 
creases with time, in agreement one expects in an ex- 
panding universe. The temporal evolution of the back- 
ground temperature depends on the particular model 
which one considers. For example, in a power - law ex- 
panding universe T r ~ f" 1 / 2 M. 



B. First order 



fluctuations 



In this section I will study the first order <j> - fluctua- 
tions for the matter field tp, on a globally flat Friedmann 
-Robertson - Walker (FRW) metric 



ds 2 = -dt 2 



l dx 2 



(9) 



which describes a globally isotropic and homogeneous 
spacetime. The equation of motion for the quantum per- 
turbations 6, is 



2- + (3# c 
a 



+ 



(3H C 



v"(4>c) 



l 



= 0. 



(10) 



The function a(t) depends on time. I consider a(t) = 
F[T r (t)/M], where T r (i) is the temperature of the back- 
ground and M ~ 10 15 GeV is the GUT mass. The struc- 
ture of the equation ( |To| ) can be simplified by means of 

, v 3/2 f (H c +T c /3+%i-)dt i 

the map ^ = e 1 J y ' 3a ' tp 



X- — V 2 x-M 2 (ik = 0, 



(11) 



where /i 2 (i) = jjf is the time dependent parameter of 
mass and k a (t) is the time dependent wave number which 



separates the long wavelength (k <C k a ) and the short 
wave (k ^> k Q ) sectors. 

The square time dependent parameter of mass is 

Note that [i(t) do not depends on the function a(t). 

C. Second order <j) - fluctuations and Backreaction 

Making a second order <p - fluctuations expansion for tp, 
one obtains the following semiclassical Friedmann equa- 
tion 



Hi 



K 



8tt 
3M 2 



(E\ Pm + p r \E), 



(13) 



where K is an effective curvature produced by the back- 
reaction of the metric with the fluctuations of the scalar 
field. This curvature is given by 



K 

. 2 



8tt 
3M 2 



1 



■2 



or 

Y 

V" 



(14) 



Note that K depends on the temporal evolution of 
a(t) as well as the expectation values for tp 2 , 0</>, 2 



and i^'fij ■ II a (t) is a function of the temperature, 
a(t) = -F[T r (t)/JVf], the instantaneous comoving temper- 
ature will be very important during the warm inflationary 
regime. 

To study the backreaction of the metric with the fluc- 
tuations 4>, I introduce the metric 



ds z 



-dt 2 +a 2 [l + h(x, t)]dx 2 , 



(15) 



where h(x, t) represents the fluctuations of the metric 
produced by the tj> - fluctuations. Making the following 
expansion for H(tp) 

H[p{x, t)} ~ H c [4>c{t)] + H'[4> c (t)} a(t) <f>{x, t), (16) 

one obtains the following expression for h(x,t) M 



h(x, t) 



dt' a(t')cj)(x,t')H'[(f> c (t% 



(17) 



and the effective curvature can be represented by 

2 v 



K 
~7i 



E 



h(x, t) 



E 



E [a{t)ct>{x,t)H'{4>c)f E 



(18) 
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This expression shows that the temporal evolution of the 
effective curvature arises from the matter field fluctua- 
tions <f>(x, t) and the temperature of the thermal bath, 
due to the fact I am considering that a(t) is a function 
of the temperature of this bath. In order to study the 
evolution of the fluctuations on the infrared (long wave- 
length) sector, firstly one can write the fields x an( i h as 
two Fourier expanded fields 



X(x, t) 
h(x, t) 



1 



(2tt) 3 /2 

1 

(2tt) 3 / 2 



d 3 k 
d 3 k 

ik.x i 



akXk(x,t) + alx* k (x,t) , (19) 
a k h k (x,t) + alh* k (x,t)] , (20) 



where Xk{x,t) = e lk - x ^ k (t) and h k (x,t) 



'\h.x 



&(*)• 



Here, &(t) = 2 / dt' a(t') H'{cj) c and the as- 
terisk denote the complex conjugate. The operators a k 
and a\, are the well known annihilation and creation 
operators, which satisface [ajt, at/] = iS^(k — k') and 
[aj,,a^,,] = [a k ,a k >] = 0. The commutation relations for 
the fields % and h are 



X(x,t),x(x',t)} = 

j^J^^t k -Ut) 

h{x,t),h{x! ,t) = 



(27T) 



d 3 k 



k ~" £k£k J e 



-ik.(x-x') 



D — ik.(x—x') 



(21) 



(22) 



To obtain [ X {x, t), x(x', t)] = i<5 (3) (x- x') in cq. (|T|), 
requires that (Cki k - ikC k 



III. DATA COBE COARSE - GRAINED FIELDS 
AND STOCHASTIC REPRESENTATION 

The data COBE coarse - grained matter field XCcg 
were introduced in a previous work [gj 



XCcg 



(2tt) 3 / 2 



d 3 k G(k,t) 



flfeXfe + a\xt 



(23) 



Now we can introduce the data COBE coarse - grained 
field hccg for the fluctuations of the metric 



1 



ICcg 



(2tt) 3 / 2 



d 3 k G(k,t) 



a k h k + aXht 



(24) 



In eqs. ( B3[ ) and ( |24| ) the suppression factor G(k, t) is 
given by || 



G(k,t) 



1 



N ■ 



(25) 



with N = m — n. Causality places a strict constraint on 
the suppression index: N > 4 — n. A suppression factor 



like ( p5| ) also was founded in a model with cosmic strings 
plus cold or hot dark matter || Furthermore, the square 
fluctuations for the data COBE coarse - grained matter 
field is 



Wc cg \E) = /Jf V XOcg {k) 



1 

2^2 



*„(*) 
o 



dk fc 2 |&(i)| 2 G 2 (fc,t), (26) 



where the power spectrum V XG (k) when the horizon 
exit is 1 10 



/(*)• 



(27) 



Here, i* denotes the time when the horizon entry, for 
which fc D (i*) ~ ttH in comoving scale. The parame- 
ters in eq. (j2^) are the amplitude A(t*) on time t*, the 
spectral index n, the suppression wavenumber k a and the 
suppression index m. 

The stochastic equation for XCcg is § 



XCcg 

where 
^(x,t) = - 
> 



k (t) 
a(t) 



XCc 



N 
kjfj 



Ki + &], 



(28) 



A' 



k k 
~(2tt) 3 / 2 



d 3 fc fc _iV G 3 (fc,f) 



4xfe 



k k 



N 



(2tt) 3 / 2 
iV 



(29) 



J (3A: 2 - 2fc fc ) + 2*2(1 - TV) - 2fc fc 

(.'-!()) 



d 3 fc fe~ w G 5 (M) 
k \ N / . .. \ 



a fcXfe 



The noises (|29|) and (J30|) arise from the increasing num- 
ber of degrees of freedom of the ifrared sector from the 
short-wavelength sector. For the special case considered 
in eq. (p5|), is a colored noise, while £2 gives non - 
local dissipation. 

Since h ~ 2 f dt'a(t')H'(t')<p(x,t), one can rewrite 
it as h ^ 2 /* dt'a(t')H'(t')x(x,t), where a(t) = 
e -3/2 J dt(H c +r e /3+^) With thig representation f or 

h, the data COBE coarse - grained metric field hc C g be- 
comes 



hccg{x, t) 



dt' &(t') H'(t') XCcg(x,t'). (31) 



Replacing ([H]) in eq. (|28|), one obtains the following 
stochastic equation for hc C g 



4 



d 3 h, 



Ccg 



M d 2 h C 



eg 



dt 3 

m 



g(t) 

N 



k a \ dh Cc g 
dt 



g(t) 



ICcg 



g(t)k (t) 



Ei&O +&(*,*)]> (32) 



where g(t) = [2a(t)H' '(*)]• The square fluctuations for 



the field 



'Ccg 



''Ccg 



E) = 



-3 /(Hc+^ + fg)dt 

& fc 2 |^(i)|G 2 (M)- 



(33) 



Thus, the effective curvature K/a 2 for the now observable 
universe is [see eq. (18)] 



K 

~n2 



[a(t)H'[Mt)f(EU 2 Ccg \E). (34) 



COBE 



Hence, the power spectrum for 4>ccg and hc C g when the 
horizon entry, are 



-P hccg {k) = C{U) 



k 



(^*) 

k 



/(*), 
'/(*)• 



Here, B(t*) and C(i#) are the amplitude such that 



C(t.) = [a(i) 



t=t» 



(35) 
(36) 



(37) 
(38) 



Due to \5k\ = V^, Cag {k) H, the spectral density become 
|<5fe| = k n f(k). The standard choice n = 1 and /(fc) as 
constant, was invoked by Harrison Jll| and Zel'dovich 
|L2| on the grounds that it is scale invariant at the epoch 
of the horizon entry. The constraint \n— 1| < 0.3 was ob- 
tained from the data COBE spectrum . Note that both 
B(t*) and C(t*) depends on the temperature of the back- 
ground when the horizon entry. This is a very important 
characteristic that becomes from this formulation, once 
one consider ip = 4> c + a(t)(f> and H(ip) = H c + a(t)H'4> as 
semiclassical expansions for ip and H(ip). From eq. d38| ) 
one obtains 



[a(t) H'[4> c (t)]\ 



t=t, 



(39) 



Taking p r (U) = ^N[T r (t*)} T?(U), where N[T r (Q] is 
the number of relativistic degrees of freedom at temper- 
ature T r (t*) and replacing (H' c ) 2 in eq. (^), one obtains 

(for N[T r (U)} ~ 10 3 , a(U) 
M ~ 10- 4 M„) 



M 



(3 > — and 



C{U) = 64^ 4 3+30 (3H C + Tc 
B(U) 45 3H c t c 



T r (U 



2(/9+2) 



(40) 

For the case r c (t*) ~ H c (t*), one obtains the expression 



B(U 



2(13+2) 



(41) 



For example, for (3 = 1 one obtains T r (t«) = 10 _5 ilip for 
~ This implies that the amplitude for the 

fluctuations of the metric when the horizon entry, should 
be very small for the expected values of temperature. 



IV. FINAL REMARKS 

To summarize, in this letter I considered a model for 
warm inflation where the fluctuations of the scalar field 
are coupled with the thermal bath. This coupling, de- 
pends on the temperature of the background which is a 
function of the temperature. The temperature decreases 
with the time, as well as the Hubble parameter. 

By means of the COBE data coarse - grained field for 
the fluctuations of the scalar field I characterize these 
fluctuations on the scale of the now observable universe. 
Once on knows the stochastic equation for the field XCcg, 
it is possible to obtain the stochastic equation for hc C g 
[see eq. (p^) ]. The square fluctuations for <pccg and hecg 
give the spectral density Sk for both, 4>Ccg and hecg- The 
spectral density 6k depends on the function G 2 (k,t), the 
modes and the index n. Finally, I find that the ampli- 
tude for the fluctuations of the metric when the horizon 
entry, should be very small for the expected values of 
temperature. 
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